Abstract. An invariant characterization of the rotationally symmetric R-separable webs for the Laplace equation in Euclidean space is given in terms of invariants and covariants of a real binary quartic canonically associated to the characteristic conformal Killing tensor which defines the webs.
Introduction
The theme of this paper is the study of R-separability for the Laplace equation in three-dimensional Euclidean space E 3 , that is the search for curvilinear coordinates (q i ) such that the equation can be split into a system of separated ordinary differential equations by assuming a solution of the form
where R is some nowhere vanishing function on E 3 and φ i are functions of the single coordinate q i and a suitable set of constants (c a ). Bôcher [4] (see also [18, 15] ) shows that the equation separates in seventeen types of cyclidic coordinate systems. These systems are classified by group theoretic methods by Boyer, Kalnins and Miller [5] . They explicitly described the equivalence problem for the R-separable coordinate systems in terms of an orbit analysis of the algebra of the second order symmetry operators of (1.1) under the action of the conformal group of E 3 . Eleven of the coordinate systems are simply separable in the sense that they allow multiplicative separability in the ordinary sense (i.e., with R = 1) of both (1.1) and the Helmholtz equation The tensor k can be determined by contracting (2.1) with the covariant metric tensor. When p = 1, K is said to be a conformal Killing vector and (2.1) reads
where L denotes the Lie derivative operator. With respect to a local system of coordinates x i (2.1) may be written
where ∇ denotes the covariant derivative with respect to the Levi-Cevita connection of g. If k = 0, in (2.1), then K is said to be a Killing tensor. It follows from the properties of the Schouten bracket that the set CK p (M) of all conformal Killing tensors of type (p, 0) forms a generally infinite dimensional vector space. However, it's important to note that
where l is any symmetric tensor of type (p − 2, 0), also defines a CKT. This property may be used to define the following equivalence relation on CK p (M):
Let CK p (M) denote the set of equivalence classes of CK p (M). We may equip CK p (M) with the structure of a vector space over the reals as follows. LetK 1 andK 2 ∈ CK p (M). Let K 1 and K 2 be representative elements ofK 1 andK 2 respectively. ThenK 1 +K 2 is defined to be the equivalence class represented by K 1 + K 2 . Let K be representative ofK and a ∈ R. Then aK is defined to be the equivalence class represented by aK. It is easy to check that these operations are well defined. Let T CK p (M) denote the vector space of trace-free conformal Killing tensors of type (p, 0). It is easily verified that T CK p (M) is canonically isomorphic to CK p (M). A necessary and sufficient condition for an element of CK p (M) to be represented by a Killing tensor is that there exists a type (p − 2, 0) tensor l such that This is a necessary and sufficient condition forK to be represented by a Killing tensor. We now study the behavior of the conformal Killing tensor K under a conformal transformation of the metric, which may be written as g = e −2σ g. (2.10)
By an easy calculation we find that
where
This result shows that K is also a conformal Killing tensor for the conformally related metric g. A necessary and sufficient condition that K is a Killing tensor with respect tog is that
Conformal Killing tensors in spaces of zero curvature
We now assume that the Riemann curvature tensor of g vanishes. In this case it has been shown by Eastwood [11] that CK p (M) is finite dimensional and that its dimension d is given by 16) for allK ∈ CK p (M) and for all h ∈ CI(M).
The main problem of invariant theory is to describe the whole space of invariants of a vector space under the action of the group. To achieve this one has to to determine the set of fundamental invariants with the property that any other invariant is an analytic function of the fundamental invariants (see [20] ). The fundamental theorem of invariants for a regular Lie group action [20] determines the number of fundamental invariants needed to define the whole of the space of CI(M)-invariants. Theorem 2.3. Let G be a Lie group acting regularly on an n-dimensional manifold M with s-dimensional orbits. Then, in a neighborhood N of each point p ∈ M, there exists n − s functionally independent G-invariants ∆ 1 , . . . , ∆ n−s . Any other G-invariant I defined near p can be locally uniquely expressed as an analytic function of the fundamental invariants namely I = F (∆ 1 , . . . , ∆ n−s ).
One of the standard methods for determining the invariants of CK p (M) is to use the fact that the invariants of a function under an entire Lie group is equivalent to the invariants of the function under the infinitesimal transformation of the group given by the corresponding Lie algebra. The precise result is as follows [21] for all p ∈ M and for every infinitesimal generator v of G.
In our application G is the representation ρ(CI(M)) defined by (2.15) where the condition (2.17) reads 18) where the U i are vector fields which form a basis of the Lie algebra of the representation and r = dim CI(M) = 1 2
(n + 1)(n + 2). This Lie algebra is isomorphic to the Lie algebra of CI(M). Such a basis may be computed directly as the basis of the tangent space to ρ(CI(M) at the identity if an explicit form of the representation is available. According to Theorem 2.3 the general solution of the system of first-order PDEs (2.18) is an analytic function F of a set of fundamental CI(M)-invariants. The number of fundamental invariants is d − s, where d is given by (2.14) and s is the dimension of the orbits of ρ(CI(M)) acting regularly on the space CK p (M). We are now ready to apply the above theory to the vector space CK 2 (E 3 ). Recall the following well-known result from invariant theory [20] . We first note that in our case the group is non-compact and so in order to distinguish between the orbits of CI(E 3 ) acting on the vector space CK 2 (E 3 ) we need to employ a more elaborate analysis than a mere computation of a set of fundamental invariants.
Construction of the general CKT in E 3
We now specialize the general theory of the previous subsection to the vector space CK 2 (E 3 ) of conformal Killing tensors of type (2, 0) defined in Euclidean space E 3 . It is well-known [23] that in E 3 , any CKT is expressible modulo a multiple of the metric as a sum of symmetrized products of conformal Killing vectors. A canonical basis of the Lie algebra of conformal Killing vectors in E 3 with respect to a system of Cartesian coordinates (x i ) may be written as 19) for i = 1, 2, 3, where ǫ ijk is the Levi-Cevita tensor. We also note the commutation relations
We now determine the form of the general element of T CK 2 (E 3 ). By (2.14) d = 35. It is clear that a sum of symmetrized products of conformal Killing vectors is a conformal Killing tensor. It will be shown that all trace free conformal Killing tensors may be obtained in this way. We begin by writing
The coefficients in (2.21) obey the following symmetry relations
Thus an upper bound for the dimension of T CK 2 (E 3 ) is fifty five, which exceeds the required dimension. Indeed there exist the following six relations among the basis set of symmetric tensor products of conformal Killing vectors:
Consequently, the general element of T CK 2 (E 3 ) may be written as
where the coefficients B ij and G ij may be chosen to satisfy
In terms of the natural basis, X i ⊙ X j , the components of K are given by
Next we impose the trace free condition namely that
This procedure yields the following additional fourteen relations between the coefficients of K:
We can use the above conditions to remove fourteen coefficients: to keep the expression of K ij as symmetric as possible, we chose to eliminate the D i , L i , and C ij . Moreover, the matrices A ij and M ij are necessarily trace free (we recall that also B ij and G ij are chosen to be trace free). In terms of the natural basis, X i ⊙ X j , the components of K are given by:
Moreover, any CKT of E 3 is equivalent to
where A ij , M ij , B ij and G ij must be trace free matrices. The condition (2.9) applied to (2.29) implies that
It follows from the above that (2.29) reduces to
which is the trace free part of an ordinary Killing tensor.
Applications of CKTs to the geometric theory of separation of variables
It is well known that Killing tensors are deeply related with additive separation of variables for the Hamilton-Jacobi equation for the geodesics or a natural Hamiltonian in orthogonal coordinates (see [16] , [2] and references therein)
as well as for multiplicative separation of the Schrödinger equation
where ∆ is the Laplace Beltrami operator. Indeed, the existence of a coordinate system in which separation of variable occurs is equivalent (for V = 0) to the existence of a Killing tensor K with real simple eigenvalues and normal eigenvectors, called a characteristic Killing tensor. The separable coordinate hypersurfaces are defined to be orthogonal to the eigenvectors of K (the existence of these surfaces is equivalent to the normality of the eigenvectors). The set of the coordinate hypersurfaces is called an orthogonally separable web. Any parametrization of it locally defines orthogonally separable coordinates. Moreover, if V = 0, the potential V must satisfy an additional compatibility condition also expressed in terms of the characteristic KT (
where K is interpreted as a linear operator on one-forms. Finally, for the multiplicative separation of the Schrödinger equation the so called Robertson condition must also hold: the Ricci tensor is diagonalised in the separable coordinates ( [12] ). Geometrically, this means that K and the Ricci tensor have the same eigenvectors ( [2] ). The condition that the eigenvalues are real is automatically satisfied for positive definite metrics; recently, KT's with complex conjugate eigenvalues have also been used to separate variables for a natural Hamilton-Jacobi equation [10] . Similar results also hold for conformal Killing tensors.
Definition 3.1. A characteristic CKT is a valence two conformal Killing with real and simple eigenvalues and normal eigenvectors.
Remark 3.2. Any CKT equivalent to a characteristic one is characteristic. Hence, it is always possible to choose a characteristic CKT which is trace free.
The following result holds (see [3] ):
There exists an orthogonal coordinate system in which additive separation for the null geodesic Hamilton-Jacobi equation, 
occurs, if and only if there exists a characteristic CKT
where k ♭ is the one-form corresponding to the vector field k such that [g, K] = k ⊙ g and K is considered as a linear operator on one-forms.
Proof. According to [3] we have that the natural Hamilton-Jacobi equation with fixed value E of the energy is separable, if and only if there exist a function f and a characteristic CKT K such that
where ∇ is the gradient operator and K is considered as a linear operator on vector fields. By (2.1), we have that (E − V )k − 2K∇V must be the gradient of a function and (3.33) follows by passing from vector fields to one-forms.
Remark 3.6. If K is a Killing tensor, the compatibility condition (3.33) reduces to (3.32)
In spite of the fact that the null geodesic equation is trivial for a positive definite metric, conformally separable coordinates are useful because they are the only ones in which a natural Hamiltonian with fixed value of the energy can be solved by additive separation of variables. Moreover, they are the only ones in which R-separation of the Laplace equation can occur. We recall the definition given in [8] :
Definition 3.7. We say that multiplicative R-separation of the Laplace equation ∆ψ = 0 occurs in a coordinate system (q i ) if there exists a solution ψ of the form
satisfying the completeness condition
The following theorem holds [8, 16] 
where [5] ). The webs consist of families of confocal cyclides.
In Sect. 4 to 6 we restrict ourselves to the webs and associated characteristic CKTs admitting rotational symmetry. To make the notion of a web-symmetry precise, we give the definition of invariance of conformal Killing tensors under one parameter groups of conformal transformations.
Definition 3.11. Let K denote a characteristic conformal Killing tensor on (M, g). Let φ t denote a one parameter group of conformal transformations. The R-separable webs defined by K are said to be φ t -symmetric if and only if
where φ t * denotes the push-forward map and f is some function.
The infinitesimal version of the above definition is given by the following proposition:
an infinitesimal generator of the one parameter group of conformal transformations φ t . Then φ t is a web-symmetry of the R-separable web defined by a characteristic CKT K if and only if
where h is some function.
If φ t denotes a one-parameter group of homothetic transformations then the functions f and h are constant. Moreover, if φ t denotes a one-parameter group of isometries then the functions f and h are identically zero. 4 The set of rotationally symmetric CKTs.
Definition and construction of rotationally symmetric webs
We apply (3.36) to compute the characteristic CKTs in E 3 admitting a rotational symmetry around the z-axis, associated with rotationally R-separable webs.
and has normal eigenvectors if and only if it is equivalent to
Proof. The infinitesimal invariance condition is linear in the parameters and gives a nine dimensional linear subspace L of T CK 2 (E 3 ). To check the normality of the eigenvectors we apply the Tonolo-Schouten-Nijenhuis conditions (TSN-conditions) [24, 22, 19] on the generic element of L. The TSN conditions are both necessary and sufficient for a given symmetric tensor field to have normal eigenvectors. They read 2) where N i jk are the components of the Nijenhuis tensor of K defined by
. However it appears that for the following calculations it is more effective to describe the elements of L ′ as linear combinations of symmetric tensor products of CKVs that are not trace free CKTs. and all the other forty nine coefficients of the general linear combination of symmetric products of CKVs (2.21) are null. Given any CKT in Cartesian coordinates satisfying L R 3 K = 0, and the TSN-conditions, the value of the parameters (4.3) are determined as follows:
Let
• L 3 is 1/2 of the coefficient of xyz in K 12 ;
• H is the coefficient of xz in K 13 ;
• H − C 33 is the coefficient of xy in K 12 ;
• D 3 is twice the coefficient of x in K 13 ;
• A 33 is the constant term of K 33 − K 22 .
Since we are considering components (or functions of the components) which are not affected by the addition of a multiple of the metric f g, the six parameters are well defined, irrespective of whether one starts from a CKT in T CK(E 3 ) or not.
Remark 4.2. Since E 3 has dimension three, there is an equivalent way to characterize rotational R-separable webs. Any rotational web contains a family of hypersurfaces made of half-planes issued from the rotation axis (the z-axis in our case). These planes are orthogonal to the Killing vector R 3 . Hence R 3 must be an eigenvector of the CKT defining the web. Moreover, this condition is also sufficient to ensure that the eigenvectors of K are normal. Indeed, one of them is the normal vector R 3 and the other two are contained in the twodimensional planes orthogonal to R 3 and hence they are normal. By imposing the condition
we find again the six dimensional linear subspace described by (4.1).
Finally, in order to prove that the general rotational CKT (4.1) is characteristic, we check that the eigenvalues are simple almost everywhere. Since R 3 is orthogonal to I 3 , D, X 3 , we have
Hence
Any change of the parameter C 33 does not affect the web; indeed, E 2 and E 3 do not involve C 33 (see also Sect. 5). Thus, it is always possible to choose C 33 such that λ 1 is different from λ 2 and λ 3 at any point outside of the z-axis. On the contrary for x = y = 0 we have
Thus, (at least) one of λ 2 , λ 3 identically vanishes and all points of the z-axis are singular points of all rotational webs. The singular points that are not on the rotation axis are those satisfying λ 2 = λ 3 , that is where B = 0.
Remark 4.3. The roots of (4.6) are points on the z-axis where the three eigenvalues coincide and K is proportional to the metric tensor. The number of the roots z 0 of q in PR 1 (so that the point at infinity is also considered) and their multiplicity characterize the web from a geometric point of view.
Remark 4.4. The knowledge of the eigenvalues of the characteristic tensor in a rotational web allows one to write the equations of the (not planar) hypersurfaces (see [9] ) The hypersurfaces S 2 orthogonal to E 2 satisfy the equation
while the hypersurfaces S 3 orthogonal to E 3 satisfy the equation
It follows that the hypersurfaces have the form
that is they are both described by the equation
but for different ranges of the value of h: we have surfaces of S 2 for h < h 0 and surfaces of S 3 for h > h 0 , respectively, where
For h = h 0 we do not obtain a surface of the web because this value of the parameter h would imply B = 0, that is λ 2 = λ 3 . Expanding the equations (4.7) we arrive at
which represents two families of confocal cyclides, one for h > h 0 and one for h < h 0 .
Characteristic CKTs of the known R-separable
rotational coordinate systems Table 1 contains the parameters of a characteristic CKT corresponding to each of the rotational R-separable coordinates listed in Moon and Spencer's book [18] . We briefly describe how they are determined (for further details, such as plots, transformation laws to Cartesian coordinates, components of the metric tensor in these coordinates, separated equations etc., see [18] or [4] ). The CKTs are constructed from the Stäckel matrices that are associated with each system of coordinates in [18] .
Recall that a Stäckel matrix is a regular matrix of functions S ij depending on the single variable q i corresponding to the row index i of the element. One row (the first in the examples in [18] ) of the inverse of the Stäckel matrix contains the components of the contravariant metric tensor in the R-separable coordinates, while the other two rows are made of the components of two CKTs with common eigenvectors orthogonal to the web hypersurfaces. Moreover, there is always a real linear combination of these two tensors which provides a characteristic tensor of the web (see [3] ).
For each row of the inverse of the Stäckel matrix we construct the conformal Killing tensors in the R-separable coordinates, then the parameters (4.3) are determined by transforming the tensor to Cartesian coordinates and comparing with the Cartesian components of the general rotationally symmetric CKT (4.1). For all the coordinate systems considered in [18] the tensor corresponding to the third row of the inverse Stäckel matrix is R 3 ⊙ R 3 . In most of the examples, the other tensor is a characteristic tensor of the web so its parameters appear unchanged in the Table 1 . On the contrary, the tensors arising from the Stäckel matrices given in [18] for Spherical, Tangent spheres and Cylindrical coordinates have C 33 = 0, so they are not characteristic CKTs. In order to get a characteristic CKT associated with these webs we add a suitable multiple of the tensor R 3 ⊙ R 3 : that is, we change the value of C 33 in Table 1 .
The first four coordinate systems have transformation laws to Cartesian coordinates involving Jacobi elliptic functions. The parameter a is a scaling parameter, while the parameter k ∈ (0, 1) is the parameter of the Jacobi elliptic functions.
Cap cyclide
Bispherical − 4 . For this purpose, we use a group G that is generated by five one-parameter transformations and a discrete transformation. Three of the one-parameter transformations are induced on RCK 2 (E 3 ) by conformal transformations of E 3 mapping the z-axis into itself. The other two are transformations of the CKT that do not change the corresponding web.
The five continuous transformations to be taken into account are 1. The change of the tensor under a continuous inversion along the z-axis parameterized by a 0 :
2. The change of the tensor under a translation along the z-axis parameterized by a 1 :
3. The change of the tensor under a dilation of the space with singular point at the origin parameterized by a 2 :
4. The multiplication of the tensor by a non-zero scalar a 3 :
5. The addition to the tensor of a multiple of R 3 ⊙ R 3 :
Moreover, the discrete transformation considered, is the one induced by the inversion I with respect to the unit sphere with centre at the origin
(5.9)
Note that I −1 = I and that for the continous inversion φ 0 we have φ 0 = I −1 • φ 1 • I, where φ 1 is the transaltion along the z-axis.
Remark 5.1. The addition of the metric g and the transformation induced by the rotation around the z-axis are not relevant, since they do not modify the parameters (4.3) defining the tensor.
Group action, invariants and canonical forms
Let G be the group generated by the above described transformations. Since the discrete inversion is included, G is not connected. Moreover, two of the continuous one-parameter transformations are defined only for values of the parameter in R−{0}, so that the connected component of G containing the identity is characterized by a 2 > 0 and a 3 > 0. Two other discrete transformations are implicitly included in G: the change of sign of the tensor (for a 3 = −1) and the transformation induced by the symmetry around the origin in E 3 (for a 2 = −1).
The effect of the inversion around the unit sphere on the coefficients (4.
The equations of the action generated by the five continuous transformations acting on (4.3) areM
, where
and
Since C 33 and a 4 are involved only withC 33 , and C 33 is unchanged by the discrete inversion (5.10), we can disregard C 33 (which can be made equal to any fixed constant by choosing a particular value for a 4 ). Then we consider the reduced action on the vector subspace of
of the subgroup G ′ of G defined by a 4 = 0:
14)
15)
( 5.17)
It appears that the building blocks of the action equation is the polynomial (5.11) and its derivatives.
Remark 5.2. If we denote the parameters (5.12) by α
, then their transformation laws under the action can be written in a compact formal way as Proof. Consider the following binary quartic constructed from the five coefficients (5.12) of the CKT:
By inserting the linear transformation of the variables (X, Y )
with (αδ−βγ) = 0, in (5.18), we obtain a new quarticQ(X,Ȳ ) whose coefficientsM 33 , . . . ,Ā 33 depend on the GL(2, R) matrix
and on the coefficients of Q (M 33 , . . . , A 33 ). Since we assume a 3 > 0, by setting
we obtain equations (5.13−−5.17). The regularity of M follows from (αδ−βγ) = √ a 3 a 2 |a 2 | = 0, since a 2 a 3 = 0. Furthermore, setting α = γ = 0, and β = δ = 1, we recover (5.10). Conversely, we prove that for any transformation of the quartic we can associate a transformation of G 1 . We distinguish two cases: for α = 0, by setting
into (5.13 − −5.17) we obtain the action of M on the quartic form. The fact that a 2 a 3 = 0 follows from the regularity of the matrix M. If α = 0, we apply first the discrete inversion (5.10) on the parameters of the CKT, that is we multiply M by 0 1 1 0 on the left. In this way we obtain a new matrix M 1 with α 1 = γ = 0 since M is regular, and thus revert to the previous case.
As an immediate consequence of the theorem we are able to determine the invariant of the action and the list of canonical forms which are given in the following propositions.
Proposition 5.4. The only independent differential invariant of the action of
are relative invariants of the action of G and independent differential invariants for the action of the subgroup of G defined by a 3 = 1.
Proof. The functions I and J are the fundamental invariants (of weight 4 and 6 respectively) of the binary quartic form (5.18) [13] , [20] .
is equivalent under the action of G to one of the following representatives:
Proof. Starting from the list of canonical forms of real binary quartics (given for instance in [13] ), we combine those differing only by sign. We remark that for µ = 2 the canonical form I. is equivalent to D ⊙ D.
Remark 5.6. The action of G over RCK 2 (E 3 ) has infinitely many orbits. However, the tensors in (5.19) and (5.20) are not pairwise inequivalent for all values of µ: for µ = ±2 there exists a finite number of µ ′ such that the corresponding tensors are pairwise equivalent (see [13] ).
6 Invariant classification of the R-separable rotationally symmetric webs
The polynomial P defined in (5.11) as the building block of the action equations (5. 13-5.17) is deeply related to the polynomial q (4.6). Indeed, we have P (X) = X 4 q(−1/X). Moreover q is the inhomogeneous polynomial corresponding to the quartic binary form Q (5.18).
The roots of q are the points on the z-axis where all the eigenvalues of K coincide (see Remark 4.3). The conformal transformations φ 0 , φ 1 , φ 2 and I described in Sect. 5.1 map the z-axis to itself with a one to one correspondence (if we include also the point at infinity). Thus two distinct points cannot be made coincident or removed. This provides the geometric interpretation of the fact that the invariants of Q are invariants of the CKT defining the web. The meaning of q in terms of invariant theory is made more precise in the following proposition.
Proof. The equations of the extended action are (5.13-5.17) together with
The subset S 0 = {x = y = 0} is an invariant subset of the extended action. Moreover, on S 0 the transformation law for z reduces to the linear fractional transformatioñ z = (a 2 + a 1 a 0 )z + a 1 a 0 z + 1 (a 2 = 0), (6.24) which is the general linear transformation on RP 1 (see [20] ). Letq(z) be the polynomial we obtain by inserting (5.13-5.17) and (6.24) in (4.6) . We obtain 6.25) that is (up to a 3 ) a covariant of weight two of the action. For the discrete inversion (mapping z intoz = 1/z), we immediately see that it maps q(z) toq(z) = q(z) z 4 Equation (6.25) shows that the number and multiplicity of the real roots of q(z) (that is the number and multiplicity of the real linear factors of Q) are invariant with respect to the group action. Hence they can be used to define and classify the different types of webs. Thus we have reduced the classification of rotational R-separable webs to the classical classification of real binary quartics (see [20] , [13] ).
We have nine types of webs, listed in Table 2 .
The remaining coordinates systems of Table 1 are equivalent to one of the coordinates listed above (correcting a typographical error in [18] , where Cap cyclide coordinates are said to be equivalent to Bicyclide coordinates), as it is described in [5] , where the subject is examined from the point of view of symmetry operators. The coefficients A ij of the second order part of the symmetry operators S characterizing each type of R-separable rotationally symmetric coordinates, with respect to Cartesian coordinates, listed in Table 2 . of Boyer, et al. [5] when written as
correspond to the components of CKTs equivalent to those listed in Table 1 for Bi-cyclide, Flat-ring cyclide, Disk cyclide and Toroidal coordinates, respectively.
Finally, we provide algebraic conditions on the parameters (5.12) in order to determine the type of the corresponding web. In order to obtain these conditions, we solve the equivalent problem of determining the number and multiplicity of the linear factors of the corresponding binary quartic form Q which can be done by applying the classical algorithm (see for example [13] ) based on the sign and vanishing of relative invariants and covariants of Q.
Together with I and J, the following invariant and covariants are used in the classification scheme: the discriminant of the form (a relative invariant which vanishes if and only if the quartic has a multiple root)
the Hessian of the form (a covariant which vanishes if and only if the quartic has a quadruple root)
the covariants 
We summarize the classification in Table 4 . Although the potential clearly admits a rotational symmetry around the z-axis, it is straightforward to check that the Hamilton-Jacobi equation H = h does not admit separation of variables in any simply separable coordinate system of E 3 . This is because the compatibility condition (3.32) is never satisfied except for KTs of the form K = aR 3 ⊙ R 3 + bg, none of which are characteristic. However, by imposing the conformal compatibility condition (3.33)
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In order to determine further CKTs which admit other types of symmetry we apply Proposition 3.12 to other types of CKVs: namely the translation along the z-axis X 3 , the dilatation D and the infinitesimal inversion along the z-axis I 3 . The three types of CKVs have been put in the above simple canonical forms by use of the isometry group SE(3).
In all cases the infinitesimal invariance together with the TSN conditions are equivalent to the fact that the infinitesimal symmetry is an eigenvector of the CKT (see Remark 4.2).
The results obtained are given in the following proposition. Proof. We consider separately the three possible cases.
Translational symmetry:
The equation (3.36) with V = X 3 , K given by (2.29), and h = 0, implies that the only non-zero components of the CKT are given by By comparison with (2.31) we conclude that K is the trace free part of an ordinary KT and hence defines the simply separable webs which admit a translational symmetry along the z-axis [14] . This result agrees with that in [17] where a first principles proof is given that non-trivial R-separability of the Laplace and Helmholtz equations is never possible in a cylindrical coordinate system.
Dilatational symmetry:
The equation (3.36) with V = D, K given by (2.29), and h assumed constant, implies that h has five possible integer values. The components of the CKT corresponding to each value of h are polynomials of the same degree. The imposition of the TSN condition yields an additional restriction only in the case when the components are second degree polynomials. All cases correspond either to simply separable webs or can be mapped into one by the inversion I. Thus we conclude that modulo equivalence with separable webs, there are no R-separable webs which admit a dilatational symmetry.
Inversional symmetry:
The equation (3.36) with V = I 3 , K given by (2.29), and h some non-zero function implies that K = 0. If h = 0, it may be shown by use of the discrete inversion that this case is equivalent to that of the translational symmetry considered above. Thus, modulo equivalence, there are no R-symmetric webs admitting an inversional symmetry.
We note that this proposition is in agreement with the results of Table 2 of [5] where the only non-rotationally symmetric R-separable coordinate systems listed are the asymmetric cases not studied in this paper.
Conclusions
We gave a classification of the rotationally symmetric R-separable webs for the Laplace equation on E 3 in terms of the invariants of characteristic conformal Killing tensors under the action of the conformal group. Our method shows that there are exactly nine inequivalent types of webs, five of which are conformally equivalent to separable webs, in agreement with the results of Böcher [4] and Boyer, Kalnins and Miller [5] . An invariant classification of the asymmetric webs based on the results of [6] and [7] and following the approach of the present article will be the subject of a subsequent paper.
